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A graph-theoretical approach is adopted for the complete systematization

and enumeration of all the possible polytertiary phosphine structures
of various types. The three differing types of structural variations
in the polytertiary phosphines and related compounds involve (i)
substitution of one or more of the phosphorus atoms by other group
V atoms; (ii) the presence of two or more types of bridging groups;
and (iii) the presence of two or more differing terminal groups. In

determining appropriate cycle indices for each of these structural

types, the number of isomers for each is automatically generated.




Introduction

Over the past two decades synthetic methods have been developed for the
preparation of polytertiary phosphines and arsines having a wide variety of
structuresl6. Several years ago an attempt was made to systematize the
different types of polytertiary phosphines known at the time. The methods
involved were ones which had proved effective for analysis of the mathematically
similar, but chemically completely different, planar networks of 222 carbon
atoms.”»8 In the present paper we extend this earlier work by presenting
complete and systematic guidelines for the enumeration of the possible
polytertiary phosphine structures of various types. Our approach is based
on the mathematical discipline of graph theory.

The use of graph theory in the solution of chemical problems, especially
those arising in isomer enumeration studies, is now genu_'ally well established.
For further details of the applications of graph theory in the chemical context,
the interested reader is referred to reviews on the subject by one of the present
authors9-1l, 1In this new treatment we shall represent the framework of a given
polytertiary phosphine by a spanning tree graph. The vertices of this graph
correspond to the phosphorus atoms and the edges to the béidgn between these
atoms. In the actual enumeration use is made of the Enumeration Theorem of
Pdlyall-13,

We shall consider here three differing types of structural variation imn
the polytertiary phosphines and related compounds. These three types comprise
structures for which- (1) one or more of the phosphorus atoms is substituted
with other group V atoms such as nitrogen, arsenic, or antimony; (ii) two or
more differing types of bridging group are present. Types of bridging groups
frequently found in the polytertiary phosphines include the -CH2CHz-3 cis and

trans =CH=CH-; -C=C-; and o-, m-, and p-phenylene groups; (iii) two or more




differing types of terminal group are present. Terminal groups frequently
found in the polytertiary phosphines include the hydrogcnu’. methyld,
neopentyll5, phenyll, dimethylaminol6, methoxyl6, and neomenthyll? groups.
Representation of Polytertiary Phosphines
In general terms, a polytertiary phosphine may be regarded as a chemical
species consisting of p phosphorus atoms linked together by b bridges, and
containing a total of t terminal groups. From this gene;.'al definition, two
relationships may be derived which relate the three parameters p, b, and t.
The trivalency of all of the phosphorus atoms in polytertiary phosphines implies
that the number of bridges and terminal groups bonded to each of the p phosphorus
atoms must always total three, this fact leading directly to the relationship:
3p=2b+t . (1)
The representation of polytertiary phosphines as spanning trees with the vertices
corresponding to the phosphorus atom's and the edges to the bridges yields the
second relationship. Since the cyclomatic numberl8 of any tree graph is zero,
the following relationship, must hold:
p-~be=1, (2)
The above definitions may be illustrated by reference to the well-known

ditertiary phosphine I:

Cels /csﬂs
CﬂzcnzP\ (1)
Cells Celis

This molecule has two phosphorus atoms (p = 2), one -CHaCH- bridge (b = 1),
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and four terminal phenyl groups (t = 4). These numbers, it may be noted, satisfy
our eGaations (1) and (2) above.

In Figure 1 we depict all the possible trees representing polytertiary
phosphines containing up to six phosphorus atoms. It is of interest that these
trees are identical to those representing acyclic networks of planar 22? carbon
atoms.8,19 Interestingly, our trees are also identical to the so-called
"boron-trees” first discussed by Cayley over a century ago20.

The Enumeration Procedure

We start by determining the appropriate cycle indices for the three
different structural types listed above. For polytettiary. phosphine systems
showing structural varistion of type (i), i.e. structures in which phosphorus
atoms are substituted by other group V atoms, the relevant cycle index is simply
that for the permutations of the vertices of the corresponding tree. The trees
T are those depiéted in Figure 1, and their cycle indices we shall designate
as 2(T). 1In cases where the atoms at each vertex of the tree can be either
one of two possible group V astoms, e.g. either phosphorus or arsenic, the
coefficient of xZ in the expansion of the counting polynomial obtained from
the cycle index Z(T; 1+x) will give the number of isomeric molecules containing
m atoms of the group V element. The appropriate cycle indices are listed in
Table 1 and the corresponding counting polynomials are presented in Table 2.

In order to determine the number of isomers in polytertiary phosphine
systems showing structural variation of type (ii), i.e. for the case, vhen
differing bridging groups are present in the structure, it is first necessary
to set up the cycle index 2(G) of a graph G derived from the tree T. The graph
G is constructed from T by the following procedure:

(a) all vertices in T of degree 1 vanish in G;

(b) all edges in T become vertices in G;
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(c) all vertices in T of degree 2 become edges in G comnecting those vertices
in G which correspond to the edges in T meeting at the vertex of degree

23 |
(d) all vertices in T of degree 3 become triangles in G. The vertices of

such triangles correspond to those edges in T which meet st a vertex of

degree 3.

The graphs G derived in this way from the trees T of Figure 1 are depicted
in Figure 2. The cycle indices Z(G) for these graphs G are listed in Table
1. In cases where two different bridges are present in a polytertiary phosphine
network, e.g. -CHpCHz- and cis-CH=CH- b;-idges, the coefficient of x® in the
counting polynomial obtained by the expansion of the cycle index 2Z(G; 1+x)
will indicate the number of isomers containing m bridges of ome of the two
possible types. These counting polynomials are also to be found in Table 2.

To calculate the number of isomers for a given polytertiary phosphine
network containing structural variations of type (iii), i.e. for structures
containing two or more differing types of terminal group, it is necessary to
determine the cycle index of the permutations of the vertices of degree 1 of
an expanded tree T' derived from T by adding new edges to each vertex of T
of degrees one or two until all the vertices originally belonging to T have
degree three. The expanded trees T' constructed in this way are illustrated
in Figure 3. The cycle indices Z(T') of these expanded trees T' are listed
in Table 1. In those cases where two differing terminal groups, e.g. methyl
and phenyl, are present in a polytertiary phosphine network, the coefficient
of xB in the counting polynomisl obtained by expansion of the cycle index 2(T';
14x) will indicate the number of isomers containing m terminal groups of one

of the two possible types. The appropriate counting polynomials are also listed

in Table 2.
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Conclusion

The above calculations on polytertiary phosphine networks have been
restricted to systems displaying three differing types of structural variation.
There are clearly several other, more complex variations of these isomer
enumeration problems that could l}e treated by a natural extension of our
approach. Moreover, in cases where isomers having three, four or more differing
group V atoms, bridge types, or terminal groups are to be enumerated, it is
possible to obtain the respective counting polynomials derived by substituting
the expressions l+x+y, lix+y+z, and so on, into the appropriate cycle index
2(T), 2(G), or Z(T'). In cases where different combinations of group V atoms,
bridges, and terminal groups are involved and two or three of these items are

to be varied, the total isomer count C will be given as the product of the

isomer counts:
C=Cr x Cg x Cp! (3)

vhere Ct, Cg and Cp' refer respectively to the counts for each of the types
of structural variation (1) to (iii) discussed in this paper. It is anticipated
that the determinations described herein may well have ramifications outside
the confines of phosphorus chemistry. In fact, our enumerations could have
a bearing on, and even direct relevance to, a wide variety of systems not

discussed here.
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Figure 1 : Graphs in the form of trees T representing
the possible networks for polytertiary

phosphine systems containing up to six

phosphorus atoms,

Figure 2 : The graphs G derived from the trees T of

Figure 1 (see text).,

Figure 3 : The expanded trees T' derived from the trees

T of Figure 1 (see text).

-
SO DRI T T AN S L 5 A N S S AT M

fre
L]

DA

4 RISt

N
i




2A

oB

*3, "‘ N 14 ‘“1 Iv.".

3A

BA

D000

X L XCa N

Y.t R, 0t o

LA 4B SA

C




T AT ] TN R DR S R R W T X T T W
i

EBREG S T s

s P IR ACED ]
i
co
£
o
'y
£2
£
Fa
I
.(
4
E
§
¥

i

2o 2A 3A LA LB 5A

Qe 58 6A 6B 6C 6D

0 gy

N 1
¥ ) WY WA WY (O W ‘lk_ ._

SV RN Y A 18,08 LN ‘\"1" N o) 4N ,Kll



-
»

e
Fai,

A

b nd

2A 3A LA 4B

) 5A 58 6A 68

% , 6C 6D

Vig s oo . . ..o . ,

"l oo, " AL v

b n BIAPGGIA AN PO RARIG
LA SLAER 'l:"!g W [RCK SR Wb IR IR M .'.‘t ,\,, PO A T It L n\_u'\*‘ P W WA




ezl 4 el g2 ez 3y .
Avum + xvu + wxv- wapn + mva AMm + w‘vﬂ ¥9
Sy lzp bz\2 Szlx Iz\2 A & L=\ 2
(eXyx + 3 (%2 + 0% (PXex + Xy as
Szl 4 Cxlz tzvb 2% Iz\2 2xbx & bEZ a :
Amnna + mxpxw * beP AwH * ¢HVP Amvww ' m.vﬂ ¥G
19 czlz 5 19 2z ¢zls I=y2 ~
4 Amxm + wa + wxv_. A Nn + puw + nucp :x X¢ + px—..w + o : &b
: 2lz 4 bk bz o 132 2= . 122 -
m Anuw + am + ova Apxwx + nMvF ANV + eavr YV
i
: 2zl + bxyk 2z 4 b2 2zlz . 1222 ]
; A X /xg + mNVP Apa + wxv- A XX+ mhv— ¥¢
] 3 |3 3Y 4 b5 cx L7y S
: (2% + 4%)q i (% + 25% ve
uotn3rysqng dnoxn teuy uoTInN3TIsqug afprag uorqnlTiequs woiy sunxoyd
{ -uxa] X0F (,I)Z xepul oTo4D I0F (9)Z xdpur oT9LD -60UYqd I0F (IL)Z Xepul sToL) wazsds

swoly snxoudsoyg xI15
03 OMJ, Y3TM n&hokaoz eutydsoug Laerjxejfrog oTarssog usy ayj JOJ S9O0TPUI 3T0£) : | =TEVy

, . PP vy - . o B en_ e - ’ L o8 L o # \&‘«P.‘ MY
A \,\ls-&a - w Apd Y At o R N I . 0 vﬂqﬁ.\lln:l s s B3 e o~ mh

N - L st R PT. K  b il AT AT EataTa s o8

B A A S B S Sl P, X SRR ,t.J»m‘-.w.u« WROLT AL ~ k.VKw\ Yo' I ‘R S




By

LIRS W

LN

ar <, @ e €,

Ce iyt gt o

i

B
N
Lt
-,
k)
>
"
>
‘s
rs
.
>
-

Z b4 el bz ¥ Y
: € + V ANN_.xm + m%v.m Amxw MMN + mi..w 9
Cx bzy2 iz I % e
(5% + g5)4 (5% + %)& (Cxlx + mmvm 09
bz lzy2 eyl b= sl e
(g¥2* + %)} (12T + D)f (T + D% @
uoringrisqung dnoasn euUT uorINyTI8qQNg o3ptag zo.ﬂspﬁmps.m woly snxoyd
~WIdy, I0F (,g)Z X9pur atoLp I0F ()2 xopuyl oT94D -80Uq I0F (I)Z x2pul atof) waysfg
, ) swoly sunxoydsoug XxXTS

03 OMJ YITAM mauo_s»oz sutydsoyg hn.w«puoah.ﬁom 9TqT¥sS80q udj aY3 J0F S2OTPUl 8TOLD : | TIGVL

o P{.f..q e At ety NN XS IV ENE S e X ST ¥ L ) VAN ot S ST ) SN
WL\ RNARARE, PSRN RARARr AT SRR SR - S FEEREENL I e RS



ool S ody

el
et
0
-
10
-
-
P
-

.z +wm¢ + (X2l + F6L +

m ] 4 b3 LT d ¥ Y. ¥, Ed ¥ b Erd b C

g mxm- + NNN-. + Xy + | .vun + mNn + Nun.v + X¢ + | mun + ¢N¢ + mxb + NNP + Xy + | q<
TR L R T 3
A nmﬁ...mmm._.mn... i vm+nmN+NM¢+mm+ i mm+¢mn+mmm+~mw+mﬂ.+ ! ¥S s
* by
b 3 z E+d m
> mx + ¢X + vﬁ. +
E mx¢+mx¢+m+v nu+~x+x+r y* mn~+~u&+u~+p at .
A gx * ¢Xe + ¢m.m + | .
Z : nm.nw...wmm...mw...p mm+mm~+.m~+w ¢m+mm~+~mw.+m~+- Y

(I + X+ X2+ ) X +E 4y KX+ X+ X2+ | Y¢ ,..
v Z
vx...nx...mxn.fx._.P X + | NN+W+p Ye ¢
L
% uorInyt3sqng dnoan TsuUTWII uofny¥Isqus agdprag uorIngrisqng wojy snxoudsoug -
7 I0F (%+| $413)2 tveywoulyog I0F (X+1 $9)Z TeTwWoukyog X0y (X+1 {5)Z T8Tmoukiogd wesis

5 swoly snaoydeoyqd XIS 03 owm],

n Y3ITM sjxIomzaN surydsoug Axerqasjhyod arqrssog udy 3y3 xoy sreruoufyod Furjunod : z FITIVI
R e R e R A e R b



L

.
(]

URAG A

T b e L e g

LRV LG LA

'R

33

N R AR LA VLG L AR AN I

mm + bmm + mxop + mmww + X *+ X2 + mx + Xz +
emmm + nM#- + Nmo- + X2+ ) mxv + wx¢ + X2 + | ¢Nw + mxm + wxw + Xz ¥} as
mu + va + oxm— + mxmm + mx + ¢xn + mx + mx¢ +
vumn + nxmm + wxwp + Xp + | nxm + wxm + XC 4+ vxm + nxww + Nwm + Xy + ¢ 03
mx + wxm + m%mp + mxpn + mx + ¢x¢ + mx + mxm +
xXge + mxpn + wxmp + X6 + | mxb + wa + Xy + ¢xpw + nx¢p + NNF— + XG + | g9

mx + bxn + mxp- + mxwp + mx + ¢xn + wM + mxm +
eu@w + nxn— + wap +X¢C + | mMm + wmw + X¢C + | wﬂm + wmo- + NMm + X¢ + -. V9
uorIngr3eqng dnoxn TeurwWIST uorangrleqng adpyag uotrTIngTEsqug WOy snxoydsoyg

x03 (X+ | ¢,3)z Teywoultoq X0F (X+| ¢9)Z Terwoulyog JI0F Am+P {1)Z Tetrwoufyog waysdsg

swoqy suxoydsoyd XIS 03 OAJ

WM sXxomzaN eutydsoud LxevT3xa3L10d OTQTIEE0 UL 943} I03 syeTWOULTod 3urquno) : 2 FTAVI

.....»"r p *\.ﬂb ar.v.‘ & IYL -~ 7 % fy -.-
Shdie S R D .&w.. 5 ..s..;

vy e NN (ol R PCPLA P, A Wﬂn ..rMAMMM... T

LWL

1
AR W b

O OO T DA MU T

A

o
b
L
-
L.

o
K.




e S
SE LY o
> A NNt A 2ok A

o
E
Ty iy

LA
)

S .
PRSI o

0L/413/83/01
GEN/413-2
TECHNICAL REPORT DISTRIBUTION LIST, GEN
m.
| Copies
Qffice of Naval Research 2 Or. David Young
Attn: Code 413 Code 34
800 N. Quincy Street NORDA
Arlington, Virginia 22217 NSTL, Mississippi 39529
Or. Bernard Oouda 1 Naval Weapons Center
Naval Weapons Support Center Attn: Or. A. 8. Amster
Code 5042 Chemistry Division
Crane, Indfana 47522 China Lake, California 93555
Commander, Naval Afr Systems 1 Scientific Advisor
Command ~ Commandant of the Marine Corps"
Attn: Code 310C (H. Rosenwasser) Code RD-1
Washington, 0.C. 20360 Washington, 0.C. 20380
Naval Civil Engineering Laboratory 1 U.S. Army ' Research Office
Attn: DOr. R. W. Drisko Attn: CRD-AA-TIP
Port Hueneme, California 93401 P.0. Box 12211
Research Triangle Park, NC 27709
Defense Technical Information Center 12 Mr. John Boyle '
Building 5, Caneron Station Materials Branch
Alexandria, Virginfa 22314 Naval Ship Engineering Center
Philadelphia, Pennsylvania 19112
OTNSROC 1 Naval Ocean Systems Center
Attn: Or. 6. Bosmajian Attn: DOr. S. Yamamoto
Applied Chemistry Division Marine Sciences Division
Annapolis, Maryland 21401 San Dfego, Californfa 91232
Or. William Tolles
Superintendent 1

Chemistry Division, Code 6100
Naval Research Laboratory

"Washington, 0.C. 20378

\

;
RO SRTNSADE DR AL O NI T WU IR RNE O LN P Sk Pl P N

P, » 3 . N 1%
L A N N S WA DU A ah‘\"!l.t




» §
P N K

s

R oo A A T VT e T VT XS
g ) a » s . KA,

L A L S O
POAOAAOAT AV




